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This paper is the sixth in a continuing series [ 1,2, 3,4,5] investigating 
the principal submatrices of a matrix. Let A be an 12 x rz Hermitian 
matrix with eigenvalues 2, < 1, < * * * < A,, so that 
A = UDU-l, D = diag(l,, I,, . . . , A,), 
with U unitary. For fixed k with k < n, let Qnk denote the set of all 
sequences 0 = {ir, is,. . . , ik} of integers such that 1 < i, < i, < . . . < 
i, < n. Let A [colw] d enote the principal submatrix of A lying at the 
intersection of rows and columns i,, is, . . . , i,. The submatrix A [wlw] is 
Hermitian, and let vW1 < qW2 < * . * < qcBk be the eigenvalues of A [WOW]. 
A well-known result asserts that the following inequalities are valid: 
In [l], the author established the following bounds on the arithmetic 
mean of the rlwi as Q varies over Qnk and j is fixed: 
* The preparation of this paper was supported, in part, by the U.S. Air Force 
Office of Scientific Research, under Grant 698-67. 
Linear Algebra and Its Applications 2(1969), 375-379 
Copyright 0 1969 by American Elsevier Publishing Company, Inc. 
376 l<. C. THOMPSON 
where 
Here E,(n - 1, n - 2, . . ., k) denotes the elementary symmetric function 
of degree 7 on the integers n - 1, n ~ 2, . . . , k. The significance of the 
inequalities (2) and (3) is that they provide convex combinations of 
&, L,,-,,. . . I &__k which aye bounds for the arithmetic mean, over all 
k x k principal submatrices of A, of the jth eigenvalue of each of these 
submatrices. A careful investigation was made in [3] of the possibility 
of equality in (2) or (3) in the special case when k = n - 1 and assuming 
that A1 < A, < . . . < A,. In this paper we shall study the cases of equality 
in (2) or (3), when k < n - 1. A4s AI,. . . , I., are held fixed and U varies 
over all n-square unitary matrices, the quantities v~,,~ become functions 
of U. We are now ready to state our main result. 
THEORERI 1. Let Hermitian A = UDWl be n x n and let fixed k 
satisfy 1 < k < n ~ 1. Suppose also that j is fixed, 1 < j < k. lf, as 
U varies ovey all unitary matrices, the equality sign in (2) is achieved at 
least once, and the equality sign in (3) is also achieved at least once, then 
i, = ai,_ = . ’ * = aj+n_k. (4 
Conversely, if (4) holds, both (2) and (3) are equalities for every U. 
Theorem 1 is an immediate consequence of Theorems 2 and 3. 
THEOREM 2. Sup$ose that, as 0’ varies over all unitary matrices, the 
equality sign in (2) is achieved at least once. Then either. 
THEOREM 3. Suppose that, as U varies over all unitary matrices, the 
equality sign in (3) is achieved at least once. Then either.. 
(i) Aj = 1 j+1=*- * = ;Ijt,_k; OY 
(ii) ij < il. If1 = Ij+2 = ’ . . = Aj_t_n_k, and Ii is a simple eigenvalue. 
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We first show how Theorem 1 follows from Theorems 2 and 3. Suppose 
the equality signs in (2) and (3) are achievable. Then, if we have case 
(ii) of Theorem 2, ilj+,_k is a simple eigenvalue and Lj has multiplicity 
at least n - k > 1. This contradicts both cases (i) and (ii) of Theorem 3. 
Therefore Lj = jlj,_i = a. - = ;ij+,_k. Conversely, if Jj = jijmtl = . * * = 
Aj+ n-k, the inequality (1) forces il, = qmj = 3Lj+n_k, for every tc), and hence 
(2) and (3) are equalities. 
Next we observe that Theorem 3 follows from Theorem 2 by applying 
Theorem 2 to - A. Therefore we need only establish Theorem 2. To 
prove Theorem 2, we first observe that the proof of (2) [l, Theorem 161 
is a descending induction on k, commencing at k = n - 1. An examina- 
tion of the proof of Theorem 16 of [l] shows that, if the equality sign 
holds in (2), then each of the following inequalities (5) is an equality: 
Here t4,1 is the arithmetic mean of the eigenvalues of the principal 
(n - 1)-square submatrices of A belonging to the interval [At, &+,I. 
(See [l].) It was proved in Theorem 10 of [3] (see also formula (9) below) 
that, if the equality sign holds in the inequality 
tA,+, d n-l& + (n - lb-iii,,,, 
then either A, = A,+,, or else 2, # A,+, and 1, +r is a simple eigenvalue. 
If the equality sign in (2) is achievable, and lj, . . . , Al+n_k are not all 
equal, suppose 
From the remark above, ii,,, has multiplicity one. If conclusion (ii) of 
Theorem 2 is false, then t + 1 < i t_ n - k and il,,, < il, fz. Therefore, 
if inequality (2) is equality, then 
A t t&l- - n-lilt + (n - l)n-lil,+i, ?L CT1 is simple, (6) 
and 
t + lA,, 2 = n-lA,, 1 + (n - l)n-l;l, r2. (7) 
We shall complete the proof of Theorem 2 by deducing a contradiction 
from (6) and (7). The technique for deducing this contradiction is an 
extension of a technique used in [3]. 
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Let Pl<Puz< * * ’ < ,uu, be the distinct eigenvalues of A, where ,ui 
has multiplicity ei, 1 ,( i ,( s. Suppose A,,, = ,LQ, so that A,,, = pp+r 
and es= 1. Let [il<[iz<*.. < El,,_r be the nontrivial eigenvalues 
of the principal submatrix A(# of A obtained by deleting from A row 
i and column i. (See [l], p. 300, for the definition of the nontrivial 
eigenvalues.) Then we have, as in [l], 
n pa - ti1 c Eia - pa . . . pa - Ei,a-1 -____ . . . L-1 - pa 
r=1 pa -PI pu -pa-1 pa-t1 -pa ps -pm- = ea. (8) 
The inequality 
(9) 
follows from (8) by replacing in (8) each of the fractions 
by the larger quantity one. Thus, if 
92-l i Ei,,_l = h&+1 + (n - lWP,r 
i=l 
then, whmw &,,_I # pm, we have Ed1 = pl, . . . , 5i,a-2 = ,u%-~, Ei, = 
ILccL+l~...* Ei,,_r = ,u~. Putting u = /I + 1, we see that the equality 
tt1 A t+2 = n-lpul, + (vi - l)n-‘ps+r forces (for some i) &l + Pp+lJ 
and (for this i) Ea = ,~r, . . , &,p-l = ,I+-~. Thus E,,lr_l # ,up, and hence 
the equality tA,+l = PZ-~,U~_~ + (N - l)n-l~s yields (take Q = /I) tis = 
&+1. We therefore have ,t~~+~ # tLp = ,LQ+~. This is the sought for 
contradiction, and it completes the proof of Theorem 2. 
We remark that in Theorem 2 there is no hope of eliminating case (ii). 
The reason is that examples can be found in which case (ii) is in force and 
the inequality (2) is equality for every U; other examples can be construct- 
ed in which the conditions of case (ii) are satisfied and for no U is (2) 
equality; still other examples can be found in which case (ii) is in force 
and the equality sign in (2) holds for at least one U but not for every U. 
We state in Theorem 4 the analog of Theorem 1 when k = n - 1. 
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THEOREI\~ 4. In Theorem 1, k = n - Then, as U varies over 
all unitary matrices, equality signs in (2) in (3) will both achieved 
if, only if, 
(i) Aj = I 3+1; @r 
(ii) Aj and )3j+1 aye simple eigenvalues, f"(Aj)f'(&) < 0, and 
f"(nj+l)f'(Aj4,) b O, 
Here f' and f" are derivatives of the characteristic polynomial f(A) = 
(A - A,) . . * (A-A,) of A. 
The proof of Theorem 4 goes in two steps. First one proves (as in [3], 
Theorem 10) that lj and /Ij+l are both simple eigenvalues, if they are not 
equal. Then it is not difficult to adapt the proof of Theorem 1 of [3] 
to yield Theorem 4. 
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